We extend low-temperature series for the second moment of the correlation function in d = 3 simple-cubic Ising model from u 15 to u 26 using finite-lattice method, and combining with the series for the susceptibility we obtain the lowtemperature series for the second-moment correlation length to u
Introdunction
The low-temperature series of d = 3 Ising model or equivalently strong coupling series of d = 3 Z 2 lattice gauge theory had long been shorter than high-temperature series. Recently they have been extended to higher orders [1, 2, 3, 4] using finite-lattice method [5, 6, 7] . In this method free energy density in the infinite volume limit, for instance, is given by a linear combination of the free energy on appropriate finite-size lattices. The algorithm to give the coefficients of the linear combination is so simple. In the standard graphical method, it is rather difficult to list up all the diagrams completely that contribute to the relevant order of the series. The finite-lattice method avoids this problem involved in the standard graphical method and enables us to obtain longer series. The method was applied in d = 3 Ising model to get the low-temperature series of the true inverse correlation length (which is equivalent to the mass gap in lattice gauge theory) [1] , free energy [2] , magnetization and zero-field susceptibility [3] , and surface tension (which is equivalent to the string tension in lattice gauge theory) [4] .
In this paper we apply the method to calculate the low-temperature expansion series for the second moment of the correlation function µ 2 in d = 3 simple-cubic Ising model to order u 26 , extending the previous result of order u 15 by Tarko and Fisher [8] . It gives the lowtemperature series for the second-moment correlation length squared Λ 2 = ξ 1 2 [8] to order u 23 , when combined with the low-temperature series of the susceptibility. This is longer by five terms than the low-temperature series for true correlation length squared Λ ′ 2 that was derived from the true inverse correlation-length given in Ref. [1] .
In the next section we present the algorithm to obtain low-temperature expansion series for µ 2 using finite-lattice method. In section 3 the expansion series for µ 2 and Λ 2 is given. The low-temperature series for true correlation length squared Λ ′ 2 is also listed for comparison. The result of series analysis by inhomogeneous differential approximants is described in section 4.
Algorithm of low-temperature expansion
The second-moment correlation length squared is defined by
where µ 2 is the second moment of the correlation function
with V the lattice volume and r i = (x i , y i , z i ) the coordinate of the lattice site i, and µ 0 is the zero-th moment of the correlation function or the susceptibility and d is the dimensionality of the lattice. Here in this paper we take the lattice spacing a = 1.
The algorithm to calculate the low-temperature expansion of the second moment µ 2 is the following. We consider the partition function
with Hamiltonian
for a three-dimensional rectangular lattice
We take the fixed boundary condition that all the spins outside Λ 0 are aligned, for instance, to be {s i = +1}. Then the second moment µ 2 is given by
Let us consider the set {Λ} of all three-dimensional rectangular sub-lattices of Λ 0 (Λ ⊆ Λ 0 ) with the volume l x × l y × l z and define H of Λ as
where Z(Λ) is the patition function for Λ with the fixed boundary condition that all the spins outside Λ is aligned, and define W of Λ recursively as
Note that H(Λ) and W (Λ) depend not on the position but on the size l x , l y , l z of Λ. We know
Taking the infinite volume limit we obtain
We can prove [6] that the Taylor expansion of W (Λ) with respect to u = exp (−4β) includes the contribution from all the clusters of polymers in standard cluster expansion [9] that can be embedded into the rectangular lattice Λ but cannot be embedded into any of its rectangular sub-lattice Λ ′ (⊂ Λ). The series expansion of W (Λ) starts from the order of u n with n = 2(l x + l y + l z ) − 3. So we should take all the finite-size rectangular lattices that satisfy 2(l x + l y + l z ) − 3 ≤ N for the summation in eq. (9) to obtain the expansion series to order u N .
In practice for the calculation of
, for instance, we have only to calculate the partition function Z(β, h, η; γ 1 = γ 2 = γ 3 = 0) to order hηu N .
Expansion series
The low-temperature series of µ 2 have been obtained to order u 26 using rectangular lattices with cross-section up to 4 × 5. Bhanot's algorithm of calculating the exact partition function for finite-size lattices [10] can be applied to the partition function (3), in which the necessary memory and CPU time are proportional to N × 2 lx×ly and N × 2
The calculation was performed on FACOM-VP2600 at Kyoto University Data Processing
Center and HITAC-S820 at KEK, both of which have about 0.5 Gbyte of main memory and 1 − 2 Gbyte of extended storage. Total CPU time necessary was about 3 hours.
The low-temperature series obtained is listed in table 1, where the coefficients {m n } are defined by 
The latter has been derived from the expansion series for µ 2 obtained here and the lowtemperature series of the susceptibility obtained by Guttmann and Enting [3] We also list the low-temperature series for true correlation length squared Λ
where m is the true inverse correlation-length ;
where O(ℓ) = {i|z i =ℓ} s i is the summation of all the spin variables in z = ℓ plane. The
and are derived from the true inverse correlation-length m given in Ref. [1] . We note that, although the coefficients {λ n } differ from {λ ′ n } for n ≥ 6, their ratios {λ ′ n /λ n } are within a range of 1.02 to 1.03 for 11 ≤ n ≤ 17.
Analysis of the series
In our preliminary analysis, we estimate the critical exponents of µ 2 and Λ 2 by inhomogeneous differential approximants [11] , in which the approximants to a function f (u) satisfy
The approximants are equivalent to Dlog Padé approximants when R N (u) = 0.
We first give the results of the analysis for µ 2 . We plot in fig. 1 its critical exponent 2ν ′ + γ ′ against the critical point u c consisting of the data given by all the approximants [12] , and the series analysis of the high-temperature expansions for susceptibility, spontaneous magnetization and specific heat gives u c which is consistent with this [13] . Using this value of the critical point, we can read from fig. 1 that 2ν ′ + γ ′ = 2.5509 ± 0.010, where the error comes from the statistical error in the linear fitting. The data given by the approximants with N > 6 also fit to almost the same line, but their deviation from the line is larger.
We plot in fig. 2 
We also list in table 2 Finally we give the result of the analysis for Λ These values of 2ν ′ + γ ′ and 2ν ′ are to be compared with the result 2ν + γ = 2.504(2), 2.497(4) and 2ν = 1.264(2), 1.260(3) of the high-temperature series [14, 15] , 2ν + γ = 2.501(4) and 2ν = 1.262(3) of the ǫ-expansion [16] , and 2ν = 1.246(6) of the Monte Carlo renormalization-group analysis [12] . The values of 2ν + γ cited here are estimated from the values of ν and γ given in the respective references. from the high-temperature series and ǫ-expansion and they are not within error limits. We cannot, however, conclude that there is a violation of scaling relation 2ν + γ = 2ν ′ + γ ′ , considering the fact that our analysis here does not include the possiblity of confluent singularity. To take into account the confluent singularity, we tried an analysis of Roskies-transformed series [17] with the confluent exponent 0.5, but the result was less convergent. It might suggest us to investigate inhomogeneous second-order differential approximants [18] , which is another method to include the confluent singularity. Longer series might also solve the discrepancy, although the estimate from µ 2 appears so stable when we change L + M + N from 16 to 19 in our analysis of inhomogeneous differential approximants as mensioned above ( See fig. 2 ).
We find the unphysical but dominant singularity at u = u 1 = −0.2858 ± 0.0003 with a critical exponent
from µ 2 and at u = u 1 = −0.2858 ± 0.0006 with a critical exponent 2ν ′ (unphysical) = 0.811 ± 0.039,
from Λ 2 . These values of the critical point are consistent with u 1 = −0.2853(3) from the susceptibility [3] , and the critical exponents are so sensitive to the value u 1 of the critical point if we would try a biased estimation, in which the change of the position of the critical point by 0.0005 reduces the critical exponent about 0.08 for µ 2 and about 0.03 for Λ 2 .
Summary
We have calculated low-temperature series for the second moment of the correlation function in d = 3 simple-cubic Ising model to order u 26 by finite-lattice method, from which we have obtained the low-temperature series for the second-moment correlation length to order u 23 using the known low-temperature series for the susceptibility. The obtained series is 11
terms longer than those calculated previously. Preliminary analysis of the series by inhomogeneous differential approximants gives critical exponents 2ν ′ + γ ′ ≈ 2.55 and 2ν ′ ≈ 1.27.
The latter is not inconsistent with the result from high-temperature series and ǫ-expansion, but there is a discrepancy by 2 per cent between the former and the critical exponent from high-temperature series and ǫ-expansion. It appears that further analysis of the series should be done including the possibility of the confluent singularity.
